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Action at a distance in transcriptional regulation

There is increasing evidence that protein binding to specific sites along DNA can activate the reading out of genetic information without coming into direct physical contact with the gene. There also is evidence that these distant but interacting sites are embedded in a liquid droplet of proteins which condenses out of the surrounding solution. We argue that droplet-mediated interactions can account for crucial features of gene regulation only if the droplet is poised at a non-generic point in its phase diagram. We explore a minimal model that embodies this idea, show that this model has a natural mechanism for self-tuning, and suggest direct experimental tests.

In multicellular organisms, the transcription of genes into messenger RNA is controlled by the binding of transcription factor proteins to "enhancer" sites that can be separated from the gene by tens of thousands of base pairs along the DNA sequence [START_REF] De | Topology of mammalian developmental enhancers and their regulatory landscapes[END_REF][START_REF] Levine | Looping back to leap forward: Transcription enters a new era[END_REF][START_REF] Furlong | Developmental enhancers and chromosome topology[END_REF][START_REF] Stadhouders | Transcription factors and 3D genome conformation in cell-fate decisions[END_REF][START_REF] Van Steensel | The role of transcription in shaping the spatial organization of the genome[END_REF][START_REF] Schoenfelder | Long-range enhancerpromoter contacts in gene expression control[END_REF]. Close approach of enhancers to their target promoters has been inferred from cross-linking experiments [START_REF] Mifsud | Mapping long-range promoter contacts in human cells with high-resolution capture Hi-C[END_REF], and there is direct evidence that the action of the enhancer requires physical proximity to the promoter site where transcription is initiated [START_REF] Chen | Dynamic interplay between enhancer-promoter topology and gene activity[END_REF]. But proximity is not contact: the most recent measurements indicate that the enhancers and their target promoters remain separated by 150 -350 nm even during active transcription [START_REF] Chen | Dynamic interplay between enhancer-promoter topology and gene activity[END_REF][START_REF] Lj Mateo | Visualizing DNA folding and RNA in embryos at single-cell resolution[END_REF][START_REF] Alexander | Live-cell imaging reveals enhancer-dependent Sox2 transcription in the absence of enhancer proximity[END_REF][START_REF] Heist | Large distances separate coregulated genes in living Drosophila embryos[END_REF][12].

How is the apparent action at a distance possible? Interactions between the enhancer and promoter could be transmitted along the length of the DNA molecule, but it seems more plausible that this interaction is transmitted across the shorter three dimensional distance [START_REF] Benabdallah | Regulatory domains and their mechanisms[END_REF]. Recent observations indicate that there is a medium for this transmission, a condensed droplet of the protein "mediator" which surrounds the promoter [START_REF] Cho | Mediator and RNA polymerase II clusters associate in transcription-dependent condensates[END_REF]; these droplets also contain high concentrations of RNA polymerase [START_REF] Ii Cisse | Real-time dynamics of RNA polymerase II clustering in live human cells[END_REF], are associated with foci of active transcription [START_REF] Cho | RNA Polymerase II cluster dynamics predict mRNA output in living cells[END_REF], can form in vitro [START_REF] Boija | Transcription factors activate genes through the phase-separation capacity of their activation domains[END_REF], and contain other co-activating factors [START_REF] Br Sabari | Coactivator condensation at superenhancers links phase separation and gene control[END_REF]. We propose that the droplet acts as a larger scale version of an allosteric protein [START_REF] Monod | Allosteric proteins and cellular control systems[END_REF][START_REF] Monod | On the nature of allosteric transitions: A plausible model[END_REF][START_REF] Mf Perutz | Mechanisms of Cooperativity and Allosteric Regulation in Proteins[END_REF]: in the same way that the protein structure allows binding of small molecules at one site to influence binding or enzymatic activity at a distant site, the droplet would allow binding of transcription factors (TFs) at an enhancer site to influence activity at the distant promoter site (Fig 1). We will argue that this is possible only if the droplet is at a non-generic point in its phase diagram, and that the collective interactions among the enhancer sites can drive the system toward such points. Two facts will be crucial to our discussion. First, to the extent that the mediator droplets are similar to other examples of intracellular phase separation [START_REF] Banani | Biomolecular condensates: organizers of cellular biochemistry[END_REF], they will be liquid-like [START_REF] Shin | Liquid nuclear condensates mechanically sense and restructure the genome[END_REF], and thus in general will not transmit structural changes across hundreds of nanometers. Second, gene expression can be controlled in a quantitative, graded fashion in response to changing concentrations of transcription factors [START_REF] Colman-Lerner | Regulated cell-to-cell variation in a cell-fate decision system[END_REF][START_REF] Takahashi | Membrane localization of scaffold proteins promotes graded signaling in the yeast MAP kinase cascade[END_REF][START_REF] Giorgetti | Noncooperative interactions between transcription factors and clustered DNA binding sites enable graded transcriptional responses to environmental inputs[END_REF][START_REF] Rogers | Morphogen gradients: from generation to interpretation[END_REF].

If we did not have the constraint of graded responses, we could imagine that binding of TFs to enhancer sites triggers droplet condensation, and that this is the essential mechanism of regulation, as proposed for "superenhancers" [START_REF] Br Sabari | Coactivator condensation at superenhancers links phase separation and gene control[END_REF][START_REF] Hnisz | A phase separation model for transcriptional control[END_REF]. But this is an all-or-none mechanism, and it is difficult to harness the triggering of phase separation to generate a quantitatively graded response to changes in TF concentration. The existence of droplets by itself does not solve the problem.

FIG. 1: The DNA strand (black) surrounds a condensed droplet (orange). Promoter site is marked by an arrow (red), enhancer sites as blocks (green) with transcription factors (magenta and blue) both bound to these sites and freely diffusing.
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Even if transcription requires droplet condensation, there are pathways for regulation once the droplet has formed. In eukaryotes transcription involves a very large number of different proteins, and it is plausible that many of these components condense into the droplet. With multiple components the phase diagram is more complicated than just two phases [START_REF] Sear | Instabilities in complex mixtures with a large number of components[END_REF][START_REF] Mao | Phase behavior and morphology of multicomponent liquid mixtures[END_REF], so droplets can condense and still have additional degrees of freedom related to the addition or expulsion of different molecular species. Let us summarize these variables by an order parameter φ( r), which can vary with position r inside the droplet. These are the degrees of freedom that can propagate interactions through the droplet.

The simplest model envisions a set of K identical binding sites for a single class of transcription factors (at positions r i ), plus one promoter site (at r a ), all embedded in a droplet. These binding sites typically will be arrayed across multiple enhancers, all of which can contribute to regulating transcription. The relevant variables are σ i = ±1 for empty and occupied binding sites, and A = {0, 1} for the inactive and active states of the promoter. All of these variables couple to the order parameter, and it is important that these couplings are spatially local. The free energy is then

F[φ( r); {σ i }, A] = F 0 [φ( r)] + E 0 A - k B T 2 ln(c/c 0 ) K i=1 σ i + K i=1 g i σ i φ( r i ) + g a Aφ( r a ), (1) 
where g i is the interaction between the order parameter and binding of TFs to the enhancers, g a is the interaction between the order parameter and the active vs inactive state of the promoter, E 0 is the free energy difference between the two states of the promoter in the absence of TFs, c is the concentration of these factors, and c 0 is the "bare" binding constant of the TF to the enhancer sites.

Let's assume that, as in conventional models of allostery, the transmission of information can be described as an equilibrium thermodynamic effect [START_REF]Many allosteric proteins are enzymes, and the nonequilibrium nature of an active catalyst could make an equilibrium description impossible[END_REF][START_REF] Marzen | Statistical mechanics of Monod-Wyman-Changeux (MWC) models[END_REF][START_REF] Einav | Statistical mechanics of allosteric enzymes[END_REF]. Hence, we define an effective free energy by integrating out the fluctuations of the order parameter,

e -F eff ({σi}, A)/k B T = Dφ exp - F[φ( x); {σ i }, A] k B T , (2) 
where Dφ is the measure for integration over φ( r). F eff is composed of independent and interacting parts, F eff = F 0 + F int , and to leading order in the couplings we have

F 0 = E 0 A - k B T 2 ln(c/c 0 ) K i=1 σ i (3) 
F int = - K i, j=1 g i g j 2k B T C(r ij )σ i σ j - K i=1 g a g i k B T C(r ia )σ i A, (4) 
where we choose coordinates so that the average order parameter is zero in the Boltzmann distribution defined by F 0 , and C(r) is the correlation function of the order parameter fluctuations in this distribution,

φ( r i )φ( r j ) ≡ C(r ij ), (5) 
with

r ij = | r i -r j |.
The question of whether the droplet transmits information from the enhancer to the promoter becomes the question of whether fluctuations in the order parameter are correlated over these long distances [START_REF] Sethna | Statistical Mechanics: Entropy, Order Parameters and Complexity[END_REF].

In liquids at generic parameter values, density fluctuations have a short correlation length ξ, so that C(r) e -r/ξ , with ξ on the nanometer scale, and thus these modes cannot support action at a distance. There can be additional degrees of freedom associated with the orientational ordering of molecules in the droplet, or with conformational changes of these molecules, but again with generic parameters we expect to find small ξ. The alternative is that the parameters describing the droplet are at a non-generic point in the phase diagram, where the correlation length can become long, and this is the "critical droplet" scenario we explore here.

Close to a first-order phase transition the free energy F 0 has two nearly degenerate minima [START_REF] Sethna | Statistical Mechanics: Entropy, Order Parameters and Complexity[END_REF]. In a sufficiently small droplet, fluctuations in the order parameter are dominated by flickering between these minima, and there is an effective surface tension that keeps the entire droplet in one minimum, so that C(r) becomes only weakly dependent on distance [35]. Close to a secondorder phase transition the correlation length diverges, and C(r) decays very slowly, as power of distance. Either of these scenarios seems to require some tuning of the droplet parameters, to which we return below.

If all the transcription factor binding sites couple to the droplet in the same way, then we should have all the g i = g. We can capture the essential predictions of this model if all the distances r ij and r a are roughly equal to a typical R, in which case we can simplify to

F int = - J 2 K i, j=1 σ i σ j -J a K i=1 σ i A, (6) 
with two parameters J = (g 2 /k B T )C(R) and J a = 3) and ( 6) with K = 8 sites, J = 0.2kBT , Ja = kBT , and E0 = kBT ln(100), compared with the corresponding MWC model (Ja = 0.2kBT , J = 0). Note that interaction energies are on the order of kBT or less, but the droplet generates a very steep response to changing TF concentrations.

(gg a /k B T )C(R). To gain intuition, we note that if J = 0 then Eq (6) becomes identical to the Monod-Wyman-Changeux (MWC) model for allosteric proteins [START_REF] Monod | On the nature of allosteric transitions: A plausible model[END_REF][START_REF] Marzen | Statistical mechanics of Monod-Wyman-Changeux (MWC) models[END_REF], with the A = 1/0 switch in promoter activation playing the role of the R/T conformational transition [START_REF] Monod | On the nature of allosteric transitions: A plausible model[END_REF][START_REF] Mf Perutz | Mechanisms of Cooperativity and Allosteric Regulation in Proteins[END_REF]. A critical droplet thus generates cooperative interactions among distant sites that are similar, qualitatively, to more familiar examples of allostery (Fig 2).

Transcriptional activators become repressors just by changing the sign of the coupling g i , which describes interaction of the TF with the surrounding droplet, and is determined by the face of the protein opposite from the DNA binding domain. A generalization is to imagine that we have K a binding sites for activators at concentration c a and K r sites for repressors at concentration c r . Then at low repressor concentrations there is cooperative activation, but at higher repressor concentration the system approximates a switch that depends on the ratio of powers of the concentrations, c Ka a /c Kr r . A second generalization is to have multiple nearby binding sites within one enhancer interact more strongly, perhaps through additional degrees of freedom, and then let the emergent states of multiple enhancers couple to the droplet. The system could then approximate logical operations corresponding to combinations of ANDs within each enhancer and ORs among enhancers.

An important implication of this model is that transcription is regulated not by the binding of transcription factors to individual binding sites, but rather by an integrated signal from multiple binding sites that are dis-tributed around the droplet of size R. If we think of the transcriptional output as a "measurement" of the TF concentration, then the accuracy of this measurement is limited by the random arrival of molecules [START_REF] Berg | Physics of chemoreception[END_REF][START_REF] Bialek | Physical limits to biochemical signaling[END_REF][START_REF] Js Van Zon | Diffusion of transcription factors can drastically enhance the noise in gene expression[END_REF]; the smallest concentration differences δc to which a system can respond reliably is given by

δc c 1 √ D cτ . ( 7 
)
where c is the background concentration, D is the diffusion constant, τ is the time over which the system can average, and is the linear size of the sensitive element.

If the response is driven by a single binding site, then is the size of that site, but if the system integrates over many binding sites, then can approach the linear dimensions of the entire array of sites, in our case the size of the droplet, which is ∼100× larger than individual binding sites. From Eq [START_REF] Mifsud | Mapping long-range promoter contacts in human cells with high-resolution capture Hi-C[END_REF], responses which would require hours of integration at a single site thus become reliable in minutes. Transcription factor concentrations are so low that this difference can be crucial [START_REF] Bialek | Physical limits to biochemical signaling[END_REF][START_REF] Gregor | Probing the limits to positional information[END_REF].

Poising a condensed droplet near a critical point seems to require fine tuning of its parameters. Cells can exert exquisite control over protein and nucleic acid concentrations [START_REF] Gregor | Probing the limits to positional information[END_REF][START_REF] Md Petkova | Maternal origins of developmental reproducibility[END_REF], but matching the concentrations of crucial molecules to their critical values still seems difficult. In our case, however, there is a thermodynamic driving force that pushes the system toward conditions where correlation lengths are long. To estimate this effect, let's assume that the droplet has a critical point when one of its components is at concentration x 0 . The chemical potential of the surrounding solution holds the concentration close to some mean concentration x, and variations ∆x around this mean cost a free energy F 1 (nk B T /2)(∆x/x) 2 , where n R 3 x is the mean number of molecules in the droplet. But at a concentration x the correlation length will be ξ = a|x 0 /(x -x 0 )| ν [START_REF] Sethna | Statistical Mechanics: Entropy, Order Parameters and Complexity[END_REF], where a is a microscopic length scale. Away from criticality, the gain in free energy from interaction among K binding sites is F 2 -(J 0 /2)K(K -1)e -R/ξ , and in total we have

2F nk B T (∆x/x) 2 -A exp - R a x 0 ∆x 0 + ∆x ν , (8) 
with ∆x 0 = x -x 0 and A = (J 0 /k B T )K(K -1)/n. The dominant component of the droplet is present at only n ∼ 100 [START_REF] Cho | Mediator and RNA polymerase II clusters associate in transcription-dependent condensates[END_REF], so with K ∼ 10 binding sites it is easy to have A ∼ 1; to be conservative we consider A = 0.25. We could plausibly have R ∼ 150 nm and the molecular scale a ∼ 5 nm, but again to be conservative we choose R/a = 5. Assuming that the chemical potential alone sets x = 1.5x 0 , we see that the possibility of mediating interaction among binding sites creates a sharp minimum of the free energy at the critical point, sufficient to pull the system very close to criticality (Fig 3).

Taking this thermodynamic driving force seriously, we note that when transcription is active, enhancer bind- ing sites with states that are "aligned" to this activation have a free energy that is lower by J a ∝ C(R), and since C(R) decreases with r this generates a small force pulling the enhancer toward the promoter. In contrast, enhancers in states that are not contributing to activation of transcription have a free energy that is higher by J a and a force pushing enhancer and promoter apart. These small forces are balanced by a stiffness, which also determines the thermal fluctuations in the enhancer-promoter distance. The result is that aligned vs anti-aligned enhancers should be at different mean distances from the promoter site, and this displacement is ∆R/R ∼ (J a /k B T )(δR/R) 2 , where δR is the standard deviation of the distance R, and we assume that d ln C(R)/d ln R ∼ 1. These displacements should be directly observable, for example by measuring the positions of different enhancers for the pair-rule genes in the early fly embryo [START_REF]Pair rule genes are expressed in a seven-striped pattern along the long axis of the Drosophila embryo, and different stripes are activated by different enhancers [JB Jaynes and M Fujioka[END_REF]. More generally this suggests that singlemolecule observations of enhancer motions could be connected, quantitatively, to the energetics of cooperative transcriptional activation.

To summarize, a large number of transcription factor binding sites, embedded in a droplet that surrounds the promoter, will generate cooperative regulation if the droplet is poised near special points or lines in its phase diagram where correlation lengths become long. In this scenario the droplet functions much like an allosteric protein, but this is possible only because of the proximity to criticality. This is similar to the long-ranged interactions between proteins that we expect to see in a membrane [START_REF] Bb Machta | Critical Casimir forces in cellular membranes[END_REF] if lipid compositions are close to a critical point, as observed [START_REF] Sl | Critical fluctuations in plasma membrane vesicles[END_REF][START_REF] Ar Honerkamp-Smith | An introduction to critical points for biophysicists; observations of compositional heterogeneity in lipid membranes[END_REF][START_REF] Sp Rayermann | Hallmarks of reversible separation of living, unperturbed cell membranes into two liquid phases[END_REF]; it has also been suggested that chro-matin itself is close to a sol/gel phase boundary [START_REF] Khanna | Chromosome dynamics near the sol-gel phase transition dictate the timing of remote genomic interactions[END_REF]. There is a much wider range of ideas about how criticality could play a role in biological function [START_REF] Mora | Are biological systems poised at criticality?[END_REF][START_REF] Ma Muñoz | Colloquium: Criticality and dynamical scaling in living systems[END_REF], but what is special in our example is that we have identified, as an intrinsic part of the functional behavior, a mechanism that drives the system toward its critical point, and perhaps this is more general. Consequences of this thermodynamic driving force should be directly observable in the physical positions of enhancer and promoter sites.

FIG. 2 :

 2 FIG.2: Mean promoter activity as function of the TF concentration. Results from Eqs (3) and (6) with K = 8 sites, J = 0.2kBT , Ja = kBT , and E0 = kBT ln(100), compared with the corresponding MWC model (Ja = 0.2kBT , J = 0). Note that interaction energies are on the order of kBT or less, but the droplet generates a very steep response to changing TF concentrations.

FIG. 3 :

 3 FIG.3: Free energy as a function of concentration in the droplet, from Eq[START_REF] Chen | Dynamic interplay between enhancer-promoter topology and gene activity[END_REF], with n = 100, ∆x0 = x0/2, A = 0.25, R/a = 5, and ν = 1/2. Note the weak minimum at the x = x0 + ∆x0, set by the chemical potential, which is dominated by the minimum at criticality, x = x0.
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